We consider scalar field theories invariant under extended shift symmetries consisting of higher order polynomials in the spacetime coordinates. These generalize ordinary shift symmetries and the linear shift symmetries of the galileons. We find Wess-Zumino Lagrangians which transform up to total derivatives under these symmetries, and which possess fewer derivatives per field and lower order equations of motion than the strictly invariant terms. In the non-relativistic context, where the extended shifts are purely spatial, these theories may describe multi-critical Goldstone bosons. In the relativistic case, where the shifts involve the full spacetime coordinate, these theories generally propagate extra ghostly degrees of freedom.
Introduction
The scalar field, φ, with a shift symmetry,
where c is constant, is the canonical example of a Goldstone boson. It non-linearly realizes a global internal symmetry. The invariant Lagrangians are constructed from the first derivative of the field, ∂φ, and possibly additional derivatives, so that each term has a least one derivative per field. When constructing invariant actions, as opposed to invariant Lagrangians, there is one more possible term: the tadpole term L ∼ φ. The tadpole is a Wess-Zumino term. It is not strictly invariant under (1.1) but instead changes by a total derivative. This term has fewer derivatives per field than the others, and has lower order equations of motion; a term with one derivative per field can be expected to have second order equations of motion, whereas the tadpole has zero-th order equations of motion.
The galileon [1] is a scalar which generalizes the shift symmetry to include a shift linear in the spacetime coordinates
where b µ is a constant vector. These symmetries are no longer internal -they do not commute with the Poincaré transformations -but rather combine with the Poincaré transformations to form a larger algebra, the galileon algebra, which can be thought of as a five dimensional Poincaré algebra in which the speed of light in the fifth dimension is taken to infinity [2] . The Lagrangians which are invariant under (1.2) are functions constructed from the second derivatives of the field ∂∂φ, and possibly additional derivatives, so that each term has a least two derivatives per field. When constructing invariant actions, there are more possible terms. These are the galileon terms, and there are D of them in D-dimensions. As with the tadpole in the case of a shift symmetry, they are not invariant under (1.2) but instead change by a total derivative. They have fewer derivatives per field than the strictly invariant terms, and their equations of motion are of lower order; a term with two derivatives per field can be expected to have fourth order equations of motion, whereas the galileon terms have at most second order equations of motion. This ensures that the galileons do not propagate extra degrees of freedom, and for this reason it is said they are ghost-free.
Here, we consider the generalization to shifts which contain higher powers of x,
3)
The c (N ) µ 1 ···µ N are constant N -index tensors, and are totally symmetric (components of any other symmetry type will vanish against the x's). Clearly, any term with (N + 1) or more derivatives per field will be invariant under an N -th order symmetry of this type. Our main goal will be to construct the generalization of the galileon terms for these extended symmetries, those which are invariant only up to a total derivative and have fewer derivatives per field and lower order equations of motion than any strictly invariant term.
Our motivation for studying these theories comes primarily from the non-relativistic setting. Recently, [3] studied models with "multi-critical" non-relativistic Goldstone bosons 3 in which the dispersion relation
has a sound speed squared ∼ a 2 which can be very small in a technically natural fashion, so that the dispersion relation starts at essentially O( k 4 ). The small sound speed is due to a naturally small gradient term, (∇φ) 2 , in the Lagrangian for the Goldstone mode, whose smallness was conjectured to be stabilized by a quadratic higher shift symmetry φ → φ + c ij x i x j , which forbids the (∇φ) 2 gradient term. The k 4 piece is due to a term (∇ 2 φ) 2 which is invariant, up to a total derivative, under the quadratic shift. We will see that this four derivative term is indeed a Wess-Zumino term for the N = 2 higher shift symmetry -it has fewer than 3 derivatives per field and transforms by a total derivative. Examples of systems with Lorentz non-invariant low energy fixed points which feature a O( k 4 ) dispersion include the ghost condensate [8] , helical magnets [9] and smectic liquid crystals [10] [11] [12] . In these examples, the extended shift symmetry is generally accidental, i.e., not respected by the interactions, but there may be cases in which the symmetry persists beyond the free theory.
In this paper, we find interacting Wess-Zumino terms. For example, we will find a cubic term with eight derivatives:
In the vicinity of a critical point, such terms will provide the leading extended shift symmetryrespecting irrelevant spatial derivative operators among those with a given number of fields. They can be expected to determine the leading momentum dependence of certain amplitudes and to enjoy non-renormalization theorems like those of the galileons [13] [14] [15] [16] .
The general method for constructing actions invariant under non-linearly realized symmetries is the coset construction of Callan, Coleman, Wess and Zumino [17, 18] and Volkov [19] . 4 To construct the Wess-Zumino terms, one must employ a higher-dimensional construction analogous to Witten's construction [26] of the Wess-Zumino-Witten term in the chiral Lagrangian [27] . (For more on this construction, including its cohomological interpretation, see [2, [28] [29] [30] .) The coset method is applied to the galileons in [2] . We review this case and extend it to the more general higher shift symmetries, performing the coset construction and constructing Wess-Zumino terms.
All the terms invariant under (1.3) which we find have equations of motion which are higher than second-order in derivatives. This is essentially due to the fact that to build terms invariant under the extended shift symmetries we need more than two derivatives per field, and so there is no way for the equations of motion to remain second order. Therefore, unlike the galileons, if they are considered as Lorentz-invariant theories they will generically propagate ghosts. (Even so, the relativistic case of the higher shift symmetry finds application in the study of massive higher spin fields [31] .) In the non-relativistic setting this is not an obstruction -we are interested in terms invariant with respect to a shift of spatial coordinates only, so all the higher derivatives are spatial, and the ghost issue does not arise. For this reason, we will use non-relativistic notation in the remainder of the paper, though the metric signature and spacetime dimension are left arbitrary.
Conventions:
In the following, we will be noncommittal about the metric signature, since none of the manipulations we undertake depend on it, so the results can apply to relativistic theories with full spacetime shifts or to non-relativistic theories with only spatial shifts. Latin letters i, j, k, . . . denote the coordinate indices, and the space is flat with metric δ ij . The space (or spacetime in the relativistic case) dimension is D. Our convention for symmetrizing is to use weight one, i.e.,
N = 1: Galileons
We start by reviewing the coset construction of the galileons developed in [2] . The galileons have a shift symmetry of the form
It is straightforward to construct terms invariant under this symmetry -indeed any term of the form (∇∇φ) n will do -but the galileons are distinguished in that they are not strictly invariant under this symmetry. Rather, the galileon Lagrangians transform up to a total derivative under this shift, leaving the action invariant. In addition, the galileons are distinguished from the strictly invariant terms in that they have fewer derivatives per field, are not renormalized to any order in perturbation theory [13] [14] [15] [16] , and have second order equations of motion. In D-dimensions, there are (D + 1) galileon terms (including the tadpole). For example, in D = 4 they take the form
In order to construct these terms from an algebraic perspective, the first step is to identify the algebra of symmetries. Infinitesimally, the symmetries act as
From this, we can deduce the algebra obeyed by these symmetries, which consists of the translations P i and rotations/boosts J ij of the Poincaré algebra plus the generators (2.3) of the shift and galileon symmetries. The non-vanishing commutators are
The symmetries corresponding to B i and C are non-linearly realized on the field, whereas those of the Poincaré sub-algebra are linearly realized, so we can think of the galileons as Goldstone fields for the symmetry breaking pattern which takes the full galileon algebra down to the Poincaré algebra.
We next introduce fields φ(x) and ξ i (x) corresponding to the broken generators, and these parameterize an element of the coset of the symmetry breaking pattern as follows,
From this we construct the Lie algebra-valued Maurer-Cartan 1-form,
The objects we have at our disposal to build invariant Lagrangians are the 1-forms in the decomposition of the Maurer-Cartan form,
These 1-forms have nice transformation properties under the galileon symmetries, so it is straightforward to construct invariant actions using them: ω i P provides a vielbein and hence a metric and measure with which to construct actions (just the ordinary flat metric in this case), and the remaining forms provide the basic covariant derivative through which to introduce the Goldstone fields (see [2] for more details).
At this point an additional subtlety arises. Since we have broken spacetime symmetries, it is possible to eliminate the Goldstone field ξ i in favor of φ. In the literature, this often goes by the name inverse Higgs effect [32] . 5 If the commutator of a broken symmetry generator, Z 1 , with a unbroken translation is proportional to another broken symmetry generator Z 2 , i.e. [P, Z 1 ] ∼ Z 2 , then the Goldstone field corresponding to Z 1 can be traded for derivatives of the field corresponding to Z 2 . In practice, this is implemented by setting the 1-form corresponding to Z 2 to zero, giving a relation between the Goldstone fields. This is a covariant constraint which allows us to eliminate redundant degrees of freedom. Looking at the galileon algebra (2.4), we see that the commutator of P i with B j is of precisely this form. We are therefore able to trade ξ i for φ by setting ω C = 0, which yields the relation
Inserting this relation into (2.7), we see that the only remaining building block is the 1-form
which manifestly involves two derivatives per φ. This will allow us to construct all invariant Lagrangians with at least two derivatives on each field, but we will miss the galileon terms (2.2), since they contain fewer than two derivatives per field.
Instead, the galileons correspond to (D + 1)-forms which we think of as living on the space parametrized by the coordinates and the broken generators, {x i , C, ξ i }, and which are closed under the action of the exterior derivative operator d, which acts in a manner determined from the commutation relations (2.4) or from the explicit forms (2.7),
The non-trivial closed (D + 1)-forms are [2] 
They are invariant under the non-linear symmetries since they are constructed solely from the Maurer-Cartan form (2.7). We can express these as the derivative of a non-invariant D-form, 6 ω n = dβ n , (2.12) where
We then pull the D-form β n back to the physical space via the map {x i , φ(x), ξ i (x)} and integrate over x i to create an action for φ, ξ i .
Using the inverse Higgs relation (2.8) we eliminate ξ i and obtain a Lagrangian solely for φ, which reads (after some integrations by parts),
These are the galileon Lagrangians in any dimension. For D = 4 they reproduce the expressions (2.2).
N = 2: Quadratic Shifts
We now extend this construction to a polynomial shift symmetry of the field of the form
where S ij is a constant symmetric matrix. The is the case N = 2 of (1.3), relevant to the examples in [3] .
We first work out the algebra obeyed by these symmetries. Infinitesimally, the symmetries act on the field as
These are the non-linearly realized symmetries. The non-vanishing commutators among these generators and the linearly realized Poincaré generators are
The first line tells us that P i acts as a kind of lowering operator for the degree of the shift symmetries.
It also tells us that we cannot have only the higher shifts without the lower shifts, since the lower shifts appear as commutators of the higher shifts with the momentum. The second line tells us that the shift symmetries transform in the expected way as tensors under rotations, and the final line is the standard Poincaré algebra.
Coset Construction of Invariant Lagrangians
Taking the algebra (3.3), we want to construct a theory non-linearly realizing the symmetries associated to the broken generators,
We introduce fields φ(x), ξ i (x) and symmetric Φ ij (x), and parameterize the coset space as
From this, we calculate the Maurer-Cartan form,
The building blocks that we may use to build invariant Lagrangians are the 1-forms
Now, we note that there are two inverse Higgs constraints, coming from the commutators
which tells us that we can eliminate both ξ i and Φ ij by setting both ω B and ω C equal to zero. 7 From setting ω B = 0, we obtain the relation
then, from setting ω C = 0, we have the relation
Combining these two relations, we find that
The remaining 1-form we may use to build Lagrangians is
which involves three derivatives on the field. This tells us that to build Lagrangians strictly invariant under the extended shift symmetry (3.1), we write any term involving at least three derivatives per field.
Construction of Wess-Zumino Terms
We are more interested in the terms which are not strictly invariant, but which shift by a total derivative under the symmetry. These are the Wess-Zumino terms for the symmetries (3.2), the analogs of the galileons. These correspond to (D + 1)-forms constructed from the building blocks (3.7) in a rotationally (Lorentz)-invariant way which are annihilated by the exterior derivative, but which cannot be written as the exterior derivative of something built out of (3.7).
We need to know how the exterior derivative acts on the basis forms. This is determined from the commutation relations or is readily computed from (3.7),
We then look for (D + 1)-forms on the space with coordinates {x i , φ, ξ i , Φ ij } which are closed, dω = 0. Given such a form, we write it as the exterior derivative of a (non-invariant) D-form: ω = dβ, pull back β to the physical D-dimensional space given by {x i , φ(x), ξ i (x), Φ ij (x)} and integrate over x i , giving a Wess-Zumino Lagrangian,
In what follows, we will find closed (D + 1)-forms and their corresponding Lagrangians.
Tadpole Terms
First is a closed form involving ω C ,
Taking the exterior derivative and using (3.13), we find an expression with more ω P 's than can be anti-symmetrized, so the result vanishes.
Using the expressions (3.7), we write this as an exact form,
Integrating as in (3.14), we obtain the tadpole Lagrangian
which indeed is invariant up to a total derivative under the symmetries (3.2).
Quadratic Terms
Next is a form involving ω B , We can see that this is closed as follows: from (3.13), we see that when acting with d, ω B will be replaced by an ω P and an ω S . There will then be D factors of ω P which must therefore be proportional to ǫ i 1 ···i D . This new epsilon contracts with the epsilon in (3.18), creating deltas which then yield an expression with two factors of [ω S ], which vanishes by anti-symmetry of the wedge product.
The expression (3.18) can be written as 19) which is exact ω 2 ∼ dβ 2 , with 8
Integrating, this gives us
Using the inverse Higgs constraints (3.10), (3.11) and integrating by parts we find the invariant Lagrangian
It is straightforward to verify that this term is invariant under the quadratic shift symmetries (3.1), up to a total derivative. This is the term that yields an O( k 4 ) contribution to the dispersion relation in the context of [3] .
Cubic Terms
Next we consider the form
This is closed since it is constructed only from ω P and ω S , which both vanish under d. We write it as an exact form,
with
Integrating,
Imposing the inverse Higgs constraints (3.10), (3.11) we arrive at a cubic Lagrangian with 8 derivatives,
We can check directly that this is invariant up to a total derivative under the quadratic shift symmetry (3.1): only the ∇ 2 φ piece transforms, and the change is a total derivative due to the anti-symmetry of the epsilon structure,
8 To obtain this result, it is useful to note that
Contracting the epsilons and integrating by parts, we may write (3.27) as
Like the galileon, the equations of motion stemming from this Lagrangian are lower order than naïvely expected. Since the Lagrangian involves third derivatives, the equations of motion are naïvely expected to be sixth order. We can see from the anti-symmetry of the ǫ-symbol that the equations of motion will not contain any sixth derivatives. What is perhaps less obvious is that the five derivative terms also cancel, and we are left with fourth order equations:
(3.29)
Higher Terms
As we go up in dimension, there are more possible terms. There is a quintic term that we can write in D ≥ 4 that we can not in D ≤ 3, which stems from the form
This is
which leads to a Lagrangian with 5 fields and 14 derivatives,
Expanding out the epsilons and integrating by parts,
As with the cubic term (3.28), the equations of motion stemming from this term are fourth order in derivatives.
This pattern of terms continues into higher dimensions: at each jump of 2 in dimension we obtain a new non-trivial term given by adding in another pair of contracted ω S 's, leading to the
This yields a term with n powers of φ in dimension D ≥ n − 1 for D even and D ≥ n for D odd.
(3.36) Again, the equations of motion are fourth order in derivatives, and we can see directly how these terms are invariant up to a total derivative under the quadratic shift symmetry (3.1) by using the anti-symmetry of the epsilon.
There is also a parity violating Wess-Zumino (D + 1)-form,
where we have written ω S and Φ with indices suppressed, i.e., as symmetric matrix valued forms. This can be written as dβ p with
Upon pulling this back to the physical space and substituting the inverse Higgs relation, this becomes the Lagrangian
where we have defined the matrix of second derivatives Π ij ≡ ∇ i ∇ j π.
Under the quadratic shift symmetry (3.1), only the two derivative term changes, and the result is a total derivative,
For D = 2, 3 (3.39) vanishes identically: Tr [Π∇ i 1 Π∇ i 2 Π] is symmetric in i 2 , i 2 , as can be seen by reversing and cycling the trace, and Tr [Π∇ i 1 Π∇ i 2 Π∇ i 3 Π] is symmetric in i 1 , i 3 for the same reason, so these vanish against the anti-symmetric ǫ-symbol. For D ≥ 4 on the other hand, we obtain non-trivial terms. As with the other terms, the equations of motion contain at most fourth derivatives.
Arbitrary N
We now move on to the case of general N , and consider shift symmetries of the form
where the c
, K = 0, · · · , N are constant, symmetric tensors. The infinitesimal action of these symmetries on the field is
2)
The commutation relations among these generators and the Poincaré generators are
where the hat means that we omit the corresponding index. Generalizing the lower N cases, the first line tells us that the momentum P i acts as a kind of lowering operator for the degree of the shift symmetries, and also tells us that we cannot have only the higher shifts without the lower shifts, since the lower shifts appear as commutators of the higher shifts with the momentum. The second line tells us that the shift symmetries transform as tensors under rotations, and the final line is the standard Poincaré algebra.
The broken symmetries are S i 1 ···i K for K = 0, · · · , N . We introduce symmetric fields Φ i 1 ···i K (x) for K = 0, · · · , N and parametrize the coset as
The corresponding Maurer-Cartan form is
The building blocks are the 1-forms
There are now N inverse Higgs constraints,
which implies
or, in terms of the scalar Φ,
After imposing these constraints, the basic building block is the form 10) which has (N + 1) derivatives and will thus be invariant under a shift with N powers of x. As before, we are interested in constructing terms with fewer than (N + 1) derivatives per field, so we search for Wess-Zumino terms for this extended polynomial shift symmetry.
The exterior derivative acts on the basis forms as follows,
Tadpole and Quadratic Terms
We do not need the elaborate higher-dimensional construction to find the invariant quadratic Lagrangians, so we will not write the explicit Wess-Zumino forms for this case. The only possible non-trivial term with one field is the tadpole, 14) and this is again a Wess-Zumino terrm, invariant up to a total derivative under the shifts (4.1) 9 .
With a single field the only possible quadratic Lagrangians are L 2 ∼ φ∇ 2k φ for integer k ≥ 0. Under an N -th order shift δφ ∼ c i 1 ·i N x i 1 · · · x i N this term changes up to a total derivative by δL 2 ∼ c i 1 ·i N φ k x i 1 · · · x i N and this will vanish only if 2k > N . The cases k ≥ N + 1 are the cases where there are at least N + 1 derivatives per field, i.e., these are the coset constructible non-Wess-Zumino terms. The Wess-Zumino terms are those with
For example, notice that the term L 2 ∼ φ∇ 4 φ , which we constructed in Section 3.4 as a WessZumino term for the N = 2 symmetry δφ = c ij x i x j , is also a Wess-Zumino term for the N = 3 cubic shift symmetry δφ = c ijk x i x j x k .
Interaction Terms
For N even, we can construct closed (D + 1)-forms using only the highest form ω
17)
9 The tadpole stems from the closed form
where ω
is the total trace of ω
. Going through the coset construction, this yields Lagrangians with odd n powers of the field in dimension 18) where
For N odd, we can construct closed (D +1)-forms using the highest form ω
and the second highest form ω
is the trace over all but one index of
. To see that this is closed, we use the fact that d ω
∧ ω i P , after which the resulting (D + 2)-form, due to the structure of the epsilon tensor out front, always contains duplicates of some component of either
, and hence vanishes by the anti-symmetry of the wedge product. Going through the coset construction, this yields Lagrangians with all powers of the field n up to (D + 1),
A generic (N +1) order Lagrangian can be expected to give 2(N +1)-order equations of motion. In these terms, (4.18) and (4.20) , there is a cancellation among the would-be highest derivative terms in the equations of motion, and we are left with 2N derivative equations.
One can also consider generalizations of the parity violating term (3.39), which we will not elaborate on here. Note that in the case of N even, all the Wess-Zumino Lagrangians contain odd numbers of fields, but in the case of N odd, there also exist terms with even numbers of fields, opening up the possibility of constructing theories with multiplets of fields transforming in the fundamental of some internal orthogonal group, and invariant under these extended polynomial shifts.
Conserved Currents and Equations of Motion
The symmetries (4.1) are global symmetries, and like all global symmetries they give rise to conserved currents via Noether's theorem. In the case of shift symmetries, there are relations among the currents and the equations of motion, which can be used to generalize the observations of [36] .
Given a Lagrangian L with an infinitesimal symmetry δφ, we can find the associated Noether current J i by varying the action with a spacetime dependent coefficient in front of the symmetry
In our case, the N -th order symmetry transformation is δ i 1 ···i N φ = x i 1 · · · x i N , and since α is arbitrary, we have the relation
In particular, for the case N = 0, i.e., a theory with a standard shift symmetry, this implies that the equation of motion is the divergence of the Noether current associated with the shift symmetry:
As we will see now, in a theory with N -th order shift symmetry, the equations of motion can be expressed as the (N + 1)-th derivative of a local (N + 1)-index operator. We define
The relative coefficients in this expression are such that after taking the (N + 1)-th divergence and using (5.2), the terms with derivatives of the equations of motion all vanish and we are left with In showing (5.5), it helps to note that there is a recursion among the tensors (5.4),
.
(5.6)
In particular, for N = 1 we have that the Noether current for the shift symmetry is the derivative of a two index current. (5.5) then follows by induction.
Traceless Symmetry
So far we have considered the symmetry
where the c's are constant, symmetric tensors, but are otherwise unrestricted. For N ≥ 2, however, we may consider smaller symmetry groups by putting some trace conditions on the c's. For example,
ij can be broken into trace and trace-free components, and different invariant actions may be allowed depending on whether either or both components are present. For the higher N 's we can separate out the single, double, triple, etc. traces,
where the c T 's are all traceless. We can consider various possibilities depending on which of these components are present.
In the next subsection we will consider first the specific case of a traceless N = 2 symmetry, and then the more general case of a completely traceless N -th order symmetry, showing that the standard two-derivative kinetic term is a Wess-Zumino term with respect to these symmetries. We will not attempt here a general study of all the possible interaction terms.
Traceless N = 2
Here we consider the case N = 2 where the quadratic shift symmetry is traceless, δ ij c (2) ij = 0. In this case, the infinitesimal symmetries are
The commutation relations are now
The broken symmetries are those corresponding to the generators C, B i ,S ij , with corresponding field φ(x), ξ i (x) and tracelessΦ ij (x), and the coset is parameterized by
The Maurer-Cartan forms look the same as in Section (3.1) because the modification to the algebra projects out,
6)
However, there are differences: ω ij S is now traceless, and the form that one of the inverse Higgs constraints takes is now slightly different. The relation coming from the commutator, [P i , B j ] = δ ij C, is the same as before and takes the form 11) this translates to the requirement that 12) which leads to the following relation forΦ ij , 13) where in the last equality we have substituted in the relation (6.10). Notice that we have only set the traceless part of ω B equal to zero, therefore, when we substitute (6.10) back into ω B , we will isolate its trace. Similarly, we can substitute the inverse Higgs constraints into ωS to obtain the invariant building blocks
14)
Notice that now in addition to the expected three derivative building block ∇∇∇φ, we also can use the laplacian ∇ 2 φ to build invariant Lagrangians.
The fact that ∇ 2 φ is one of the building blocks for the traceless symmetry means that the WessZumino terms we constructed for the quadratic shift symmetry are now all (with the exception of the parity violating term (3.39)) strictly invariant terms, constructible from the coset. Thus they are not Wess-Zumino with respect to the traceless version of the symmetry.
However, we now have new Wess-Zumino terms available. Consider
This form is now closed,
where we have used that ω S is traceless. This form is not the exterior derivative of a left-invariant form, so it will have a corresponding Wess-Zumino term. Writingω 2 out,
The term involvingΦ is ∝ [Φ], which is zero, so we can write this asω 2 = dβ 2 with It is straightforward to check that this term is indeed invariant up to a total derivative under a traceless quadratic shift.
Traceless Symmetry for Arbitrary N
We can extend the traceless symmetry to arbitrary N . We consider here only the fully traceless component of the symmetry (6.1), corresponding to
where ( ) T indicates the symmetric traceless part of the enclosed indices. This corresponds to taking c
2), for each of the symmetries. The commutation relations for this traceless symmetry are
The coset element takes the same form as (4.4), and the Maurer-Cartan forms look the same as (4.6) (as in the quadratic case, the difference in the algebras projects out) Solving these constraints implies that 26) and substituting them back yields two invariant building blocks: which is invariant up to a total derivative under (6.21).
Conclusions
We have studied interacting scalar field Lagrangians which are invariant under extended polynomial shift symmetries, with emphasis on the terms which shift only by a total derivative under these symmetries. These are the Wess-Zumino terms, which can be thought of as the natural generalization of the tadpole term for constant shifts and the galileon terms for shifts linear in the coordinates. They have fewer derivatives per field and lower order equations of motion than the strictly invariant terms.
Due to their Wess-Zumino nature, we expect these terms to inherit some of the attractive properties of the galileon terms. In the relativistic case, an extension of the derivative-counting argument in [15] shows that these terms will not undergo quantum corrections to any order in perturbation theory. Similarly, we expect that they will exhibit Vainshtein-like screening around massive sources [37] (for introductions to screening, see [38] [39] [40] ). However, the study of the effective theory of which these terms are a part is a somewhat intricate task, especially for the non-relativistic case which seems necessary to avoid ghostly degrees of freedom. In addition, it would be interesting to couple these terms to gravity and understand what cosmological consequences they may have. In the non-relativistic case, it is likely that these theories will have to be coupled to something along the lines of Hořava-Lifshitz gravity [41] . We anticipate that these theories may prove useful also in the condensed matter context outlined in [3] , where they may describe systems in the neighborhood of critical points.
In particular, we may evaluate it on a sphere of radius r ≡ x i x i which is large enough so that all of its points are outside the source. For this we may use the standard multipole expansion of the field in terms of the source, 6) where the Q i 1 ···i N are the standard multipole moments of the charge distribution defined by
where ( ) T refers to the traceless part.
Evaluating the conserved charge (A.5) using (A.6), we see that the multipole moments are nothing but the conserved charges associated to the higher shift symmetries: 10
